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PREFACE

The following articles cover a wide variety of techniques important in laboratory work. They
range from the proper and useful keeping of a lab book to statistical methods in finding the best fit line
to a set of data. Much of the content is based on conventional and accepted techniques practiced by
research physicists and is intended to bring the student as closely as a lower division program can
allow, to the activities of physicists in a research environment. This work does not offer any in-depth
judtification or mathematical proofs of the techniques used. The curious student who wants to know
"why" is welcome to study more sophisticated works found in the bibliography.

Since lab practices are not entirely uniform, check with your lab instructor to see what points
are emphasized over others. Some techniques require the use of partial differentiation which is often
beyond the mathematical maturity of the student. The statistical methods are calculator intensive and the
student who does not have a calculator with statistical functions will be badly handicapped.

Appendix C contains guidelines for the care and handling of lab equipment. Please read it
carefully and be courteous to the other labs to keep the physics program running smoothly.



1. LAB BOOK POLICY AND PROCEDURES
1.1 The Minimum Amourt of Material Required to Bring to Every Lab
1. A lab note book (Which may or may not be kept in the laboratory for the entire quarter. See you
instructor.). The note book must be of the size: 10" X 7 7/8", be "quadrille ruled”, and either one of two
style numbers. 26-151 or 26-251 or 43-475.

2. A ruler. A #36 "C-thru’ ruler is acceptable or anything else that is better. It is available in the college
bookstore.

3. A scientific calculator. Trig and log functions are required. Statistical functions including linear
regression are recommended.

4. A pen and pencil. A pencil is used to plot data points on a graph, otherwise a penis used.

5. ThisLAB SKILLSMANUAL and the 4A LAB EXERCISES.

1.2 Preparing Your Lab Book

Put your name and section number on the outside front cover. Save the first two pages for a
table of contents. If you intend to write on both sides of a page, then number both sides of each page at
the top right corner (or anywhere else, but be consistent); number all the pages in your lab book before
the class begins. Add to the table of contents as the lab progresses.

Two rules to follow:

1. Write in the lab book with pen only. This eliminates the temptation to erase what you have written
because you think you have made a mistake. Do not erase anything you have written in your lab
book. Do not use White Out! If you think you've made a mistake, cross out with one line what you
have just written (so it can still read) and re-write the correct version near or following it. The reason
you don't warnt to erase anything in your book is that occasionally what you thought was a mistake
turns out to be correct. Y ou don't want to lose original information. Some people object saying this
policy makes the lab book messy. A "messy” lab book is not a bad lab book. Of course, you must be
able to read and locate data in your book, but a pristine lab book is usually contrived and artificial. Real
lab books are not perfect and beautiful records of your lab work; they are written logs of what you
have done while you are doing it! As such they may not always be beautiful looking. Do not,
however, interpret these remarks to mean a doppy book is desirable. Y our book must be a clear,
readable, chronological "diary" of tasks performed in the lab.



2. Absolutely no scratch paper is allowed. That includes any loose papers in your lab book. Loose
or scratch paper of any kind will be thrown away by your instructor as soon as they are spotted and
any work done on these will be lost. Thisrule will be strictly enforced! This ensures all original data,
calculations and ideas are entered chronologically so that nothing is lost. The mentality that you take the
original data on a piece of scrap paper and later transfer it to your book so it will look neat is wrong
since it allows for mistakes to be made during that data transfer.

1.3 Graphing in the Lab Book

1. " Trend-analysis" : When appropriate, plot a trend analysis graph while the data istaken and
recorded in a table. This technique is useful for spotting blunders and lesser mistakes as soon as
possible so thet they can be corrected while you are still taking the data. This type of graph may be
rough as a finished product, but its purpose is not for hightlevel accuracy. The size of this type of graph
can vary but usually will be at least a half page.

2. " Quality" : A hand-constructed graph, perhaps with computer-assistance, used for quantitative,
graphical analysis. This graph should be a half page or larger in size.

3. " Computer" : A graph suitable for reports and publications. This graph may be small in size and
may be accompanied by the computer's statistical analysis. They must be securely taped into your lab
book with scotch-style tape all the way around the graph. Don't use staples.

In principal, al the experiments are designed so that no work need be done outside of lab. At
the discretion of your lab instructor, lab books may be removed from the laboratory so that extra work
can be done outside of class.



2. LAB BOOK STRUCTURE

A lab book should have a discernable organization to it. The exact structure depends on the
kind of experiment being performed. But all good lab books have one thing in common: the ability to
yield information upon examination. Being able to retrieve information from a lab book is the mark of a
successful book.

When beginning an experiment, you may be eager to start taking data immediately. Resist this
temptation, asit leads to disorganized thinking and a disorganized lab book. First, organize your
thoughts in your book. Design the experiment before taking measurements. Don't be surprised if, as the
experiment progresses, the course of your procedure has to be atered after new insights are gained.

Underline section headings so they stand out to the reader. All sections of your lab book should
be clearly titled and organized. A good lab book represents the flow of your work as it actually
unfolded during the lab. Below, the standard sections of a typical lab book are listed. Use whet fits
your needs.

Purpose or Objective:
Every experiment tries to accomplish something. State your goa clearly. Proclaim your expectations.

Equipment List:
Record alist of the equipment used. Write down the serial number, model, and make of the equipment
SO you can get the same equipment if you need to repeat the experiment or take additional data.

| ntroduction:
Present relevant historical and background information. Motivate the necessity of the experiment.

Theory:
Derive pertinent equations and explain relevant concepts. Use diagrams as much as possible. Develop

the basis for your uncertainty analysis here.

Procedure:

Discuss your plan for performing the experiment. Don't describe the content of your entire lab. Write
down your experimental plan. Take measurements in a step-wise, linear fashion. This section describes
in detail your procedure for performing the lab such that you or anyone else could re-create the
experiment exactly as it was performed. If you decide to change your procedure as the lab progresses,
make sure the change is labelled as a procedure and that you go back in your book to the original
procedure section and clearly label page references to the change. Draw labeled diagrams to illustrate
how the equipment is set up and how it is used.
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Data:
Record all your measurements in a clear and readable fashion.
Use "table" form for easier reading.

Calculations:
Show one "sample calculation” in complete detail, then write the results only of other smilar calculations
in table form. Perform uncertainty calculations here.

Results:
Show the final relevant numerical resuits. Boxing important values will allow anyone quick accessto
your final calculations.

Graphs:
Draw your graphs while the data is being taken, point by point, so measuring errors and blunders can

be easily detected before you stop taking data. For better quality graphs drawn after the data taking,
use a computer if available. All quality hand-drawn graphs should occupy at least half of one full page.
Create your data points with a sharp pencil. Never "connect the dots' on your graph one poirt to the
next! Draw an "eye-ball" best fit line through the data points using a ruler if a linear relationship is
expected. Remember that the "best fit" line through the data may not intersect even one data poirt.

Analysis: Compare your calculations to your expected results. Additional graphs may be helpful.

Discussion of Results: Discuss the significance of your results. Sometimes an idea that comes to you
spontaneoudly in the lab is only recalled if jotted down somewhere in your lab book. Such anidea
would be discussed in more detail in this section. Use complete sentences for clarity. Avoid discussing
"human error” unless outright blunders were made. Use numbers with uncertainties. Discuss areas for
improvement in technique, procedure and equipment. Discuss methods to eliminate or minimize
systemdtic errors.

Conclusion: Address the experimental objective and state whether it was accomplished.



3. THE STRUCTURE OF A FORMAL LAB REPORT

Typically in a research environment, a lab book is kept as a conplete, written, ongoing record
of that research. When that research is completed, the time has come for a paper to be written
announcing the results. Hopefully, the findings are published in ajournal. This section describes what is
done after the experiment is completed. This section has nothing to do with writing in a lab book, but is
concerned with the communication of lab findings to the public via the accepted method - a published
report of the experiment. See your instructor for actual published reports in physics journals so you can
see for yourself what the real thing looks like.

Writing an abstract: Not every report contains an abstract, but it is a common, if not required,
feature of many publications.

An abstract is a brief summary or synopsis of an experiment.

An abstract is not a conclusion and an abstract will not contain the details of the experimental
procedure nor equations or derivations. An abstract is written after the experiment is completed.

An abstract should contain no more than three or four complete sentences all in one paragraph.
Let the first sentence state what you tried to do. The second sentence will describe what was actually
done. The final one or two sentences will discuss the significance of the resuts.

When appropriate, the resuit is often expressed numerically. Typically, the significance of the
result is related to how close the result was to the expected value (i.e., the theoretical prediction); in this
context "how close" depends on the method of analysis and the uncertainties involved, but it should also
be expressed numerically.

Writing an abstract is a particularly important skill. Abstracts are the "teasers’ read by many
other scientists to see if an experiment is interesting enough or relevant enough to warrant further
investigation. By far, most people will only ever read the abstract of a publication. When investigating a
subject to see what previous work has been done, it is a collection of abstracts thet is first examined. A
good academic library will contain numerous volumes devoted only to abstracts in physics, chemistry
and many other fields of research.

If you are submitting a full report, the abstract is placed at the beginning of the report just after
the title and authors. If you are submitting only an abstract, then on a single page it should contain:
1. Thetitle of your experiment and the date it was performed.
2. The author's names.
3. The abdtract.
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M ore about a full report:

A successful report would allow the reader to duplicate the basic experiment; it is by this
method that your results can be checked and confirmed.

Uncertainty analysis is discussed as relevant. All uncertainties should be explicitly justified;
explain why quantity x has an uncertainty dx.

Graphs are a common and useful way to explain results; use them whenever possible. Graphs
should be of high quality, preferably computer generated.

Of course, a summary or conclusion is the last part of your report. In the summary, you present
the results of the experiment, explain the significance of your findings and outline possible
improvements. Discuss areas for improvement in the measuring technique, procedure, and equipment.
Discuss the possibilities for further research.

If references are made to previous experiments during your write-up, the complete title of the
reference will be made in a bibliography. See your instructor or library for examples of professional
physics publications and abstracts as an additional guide to writing them



4. SIGNIFICANT FIGURES

A significant figureis a digit in a number representing a quarntity, other than a leading or
trailing zero introduced only to mark the decimal place position. The meaningful digit in a number
furthest to the right is called the least significant digit.

Onre use of significant figures allows a quick and casual approximation of the final value of
calculations. Also, looking at the amount of significant figures in a number gives an indication of the
precision of thet value. As an exarmple, if you divide 2 by 3, your calculator will display 0.666666667
or as many sixes as the display will allow. It seems unreasonable that values containing only one
significant digit (2 and 3) could yield a calculated answer nine digits long. This exanmple violates our
intuitive notion of how measured or known values yield final values in calculations. Y ou can't get more
precision than what you started with.

Use the following rule in writing final answers involving division or multiplication:

A final calculated value has the same number of significant figures as the least amount of
significant figures found in any one factor of the calculation.

In the above example, since there is only one "sig fig" in each initial value, the final value cannot
have more than one g fig. The correct answer is: 2 + 3 = 0.7. See that the zero in front of the decimdl
point is used to mark the decimal place (this is considered good form); this zero is not a significant digit.

In addition and subtraction, use the significant figures to the right of the decimal place to guide
your final answer.

Example: 234.45 + 52.432 = 286.88.

Here, 234.45 has only two digits to the right of the decimal place so the answer will have two
digits to the right of the decimal place as well.

When using transcendental functions, the significant figure found in the argument of the function
is equal to the significant figures stated in the resuilt.

Example: In(11.24) = 2.419; four sg figs in each.

Sometimes it is impossible to tell how many significant figures are stated in a vaguely written
value.

Example: How many significant figures are in this value: 21007?



The answer is ambiguous. There are three possible answers: two, three, or four. The two
zeroes dfter the 21 make the answer unclear. If the two zeroes are both not significart, they serve only
to merk the position of the decimal place. In that case the answer would be: 2100 is two sig figs. But
perhaps the zero right after the 21 is significant but the next zero is not. Then the correct answer would
be three significant figures. Finally both zeroes may be significant in which case the correct answer
would be four significart figures. Inthis last case some people would say "2100." is the correct way of
writing this value if both zeroes were significant. This convention is fine, but is not universally followed
S0 be careful.

We have just seen that the existence of zeroes in a number may confuse the issue of how many
sig figs the number contains. To avoid this ambiguity, use "sciertific notation'.

Stating numbers in scientific notation eliminates all ambiguities with regard to how many
significant figures a number has.

In the previous example, 2.1 x 10° is a number with two sig figs, 2.10 x 10° has three sig figs,
and 2.100 x 102 has four significant figures. Written in this fashion there is no problem determining
exactly how many significant figures are stated in any value.

Another method besides scientific notation can be used to avoid ambiguities in stating a resuilt.
Place a line above or below the least significant digit. As an example 24,000 has four significant
figures.

These methods should be used in the solution of homework problems. In formal lab work
however, these "rules of thumb" for significant figures are not accurate enough. Instead, the significant
figures of afinal calculated result are determined by statistics and uncertainty propagation. 1n some of
the following sections these methods are discussed.



Here are some more examples. 1n one or two complete sentences, you should be able to
explain how the significant figures in each have been obtained.

13.0010 -- six sig figs.

0.006 -- one sig fig.

0.0060  -- two sig figs.

1402 -- four sig figs.

1200.00 -- six sig figs.

1200 -- ambiguous; could be two, three, or four sig figs.
1.20 x 10* -- three sig figs.

100. -- three sig figs.

Arithmetical examples:

11.21x1.23=13.8

Muultiplication: 13.8 has three Sg figs; this matches the fewest amount of sig figs used in the calculation:
1.23

(0.324)(2.2)/3.0012 = 0.24

M utiplication and division: 2.2 has the least amount of sig figs (two sig figs), so the answer has two sig
figs.

81+93-45+65=194

All numbers have one significant digit to the right of the decimal place so the answer has one significant
digit to the right of the decimal; note the answer has three sig figs while all the other numbers only have
two.
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5. UNCERTAINTIES AND STATISTICS

Any scientific number associated with measured values never has an exact, single value but
instead a range of possible values. Sometimes a measured scientific value (say for exanple, the speed
of light) is expressed as a single number with no uncertainty, in that case nevertheless there is still a
convention that determines the interval of possible values. This interval of values is known as the Most
Probable Range (MPR) of the measuremert.

5.1 The Most Probable Range of a Quartity

There are two ways to write a scientific value which clearly states the MPR of the value: an
“implicit" MPR and an "explicit” MPR.

In the implicit method, the way commonly used in textbooks, a measured quartity is printed as
single value. We might say the speed of light is 3.00 X 10° m/s for example. To find the most probable
range of this quartity use this rule:

If a measured quantity is expressed as a single value with no uncertainty, then the most
probable range is given as that quantity plus or minus one half the unit of the last decimal
place stated.

As an example of this technique say the recorded measurement of alengthis 3.5 centimeters.
This does not mean the length is exactly 3.5 cm, but that the length lies somewhere between 3.45 cm
and 3.55 cm. So even though only one number was stated, an MPR is implied. Again for the speed of
light, we see its uncertainty would be £ 0.005 m/'s (Plus or minus half the last unit stated, 0.005 =%+
0.01. Remember that here, "unit" means the number one). So the most probable range for the speed of
light would be:

(3.00 - 0.005) to (3.00 + 0.005)
or 2095 to 3005
(2.095 - 3.005) m's
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For another example of the implicit method, in Tipler's physics text, the value for the
acceleration due to gravity at the earth's surface is stated in the front leaf cover asg = 9.81 m/s?.
Assuming this is a value obtained from measurements and not an exact value, see if you can apply the
above information and write down the MPR for this printed value. The correct answer isgivenas a
footnote at the bottom of this page, but don't look urtil after you've tried to get the right answer.*

As an example of the explicit method, to write 3.5 centimeters with an explicit most probable
range of course we could just write out the range {e.g. MPR = (3.45 - 3.55) cm}, or asis more
commonly done, we could write the value as a best or most probable value (MPV) plus or minus what
is called the "absolute uncertainty” in the MPV, 6 ,MPV. This method is the second way of stating the
MPR of a measurement and is preferred. In the above example the formet for this method would be as
follows:

(Lpest = 04L) =(3.50 £ 0.05) cm
Call this the "standard form'" of the measurement.

See that the MPV is not written as 3.5 but as 3.50 so that the decimal places agree between
the MPV and the absolute uncertainty (both are to the hundredths of a centimeter or two decimeal
places). This seems odd since it implies we gained precision, but in fact the precision was aways to the
hundredth place even though the number was originally written to just the tenths; such is the way of this
technique.

Aveialdavvalue: Standard Deviation: Standard Error:
to Find N
te Y X, Y (X-X)?
Py 1=l c = |1t o= 2
adthe N (N-1) /.|

1 9.81 has its last place in the hundredths colum. Half of 0.01 is
0.005. So the MPR is(9.805 - 9.815) nis?.
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MPR with Statistical Methods

If a measurement can be repeated and is expected to yield the same result each time, thena
statistical method for associating a most probable range with the measurement is used. The following
method is valid only if at least five repeated measurements can be taken. Formally, there are other
conditions that must be met to apply these methods, but we will ignore these for the present time.

From a given set of data values x;, the best or most probable value is smply the average
value, Xx. The absolute uncertainty, the uncertainty in the mean value, is the so-called "standard
deviation of the mean” or the "standard error". The conceptual meaning of these terms will be discussed
in more detail below.

The arithmetical formulas for the values are given below:
The formulas stated above are in terms of the usual statistical symbols. To trandate these symbols into
the ones used in uncertainty analysis follow this guide:

The best value is the mean value: L, ., = X
The absolute uncertainty is the standard error: ©6,L, ., = Oy

Example: Say five values have been measured that in principle should al be the same and only
random errors are assumed to exist in those measurements.

X; (cm)
X, 4.4
X, 43
Xs 4.4
X, 4.2
X 4.5

From the formulas given above you should explicitly calculate the mean and standard error of
this data set and confirm thet its value is : (4.36 £ 0.05)cm. See that the MPR associated with this value
is.

4.31 (4.36-0.05) cmto 4.41 (4.36+0.05) cm
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Note that although the measurements were taken to only one decimal place (e.g., 4.4, 4.3,
etc..), by using the statistical method two decimal places for the best value were obtained (4.36). We
see that by repeating the measurement of a value that should be the same value in principle each time,
the more times we repeat the measurement the greater the precision of our result. Remember, the
uncertainty in X is not the standard deviation but the standard error. The standard deviation is the
absolute uncertainty in any individual element of the data set. It is also conventional to write the
uncertainty in the most probable value to one significart figure only.

The M PV is rounded to the same place as the absolute uncertainty.

In the above example, you might have calculated the standard error to be 0.05099 cm.
However you will always round the absolute uncertainty to one significant figure- that is, 0.05. Then that
value, 0.05, will determine that the best value is rounded to the hundredths place as well.

See that the uncertainty has the same units as the measured value. 1n the above example, both
the mean and standard error have the units of centimeters.

5.3 Determining the Absolute Uncertainty from a Single Reading on an Incremental Scale

When taking a measurement from an instrument (analog or digital) there is a "rule of thumb”,
non-statistical method which enables the determination of the absolute uncertainty without the repetition
of measurements. Although the statistical method referred to above is more reliable than this method,
there are times when the rule of thumb is useful.

First, the term "least count™ must be defined. Least court refers to the smallest increment of
measure on the measuring device used. As an example, on a meter stick, the smallest increment of
measure is typically a millimeter. So the least count would be one millimeter and the absolute uncertainty
associated with a meter stick reading would be one half a millimeter.

The absolute uncertainty in a scale reading is equal to one half
the least count:
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0. X =% (least court)

The absolute uncertainty from an analog scale (e.g., a meter stick or pan balance) is equal to
one half the least count of the scale. As an example, say a reading on a meter stick was 34.23 cm,
interpolated to the hundredths place. The least count of the meter stick is0.1 cm (or
1 millimeter). So the absolute uncertainty is one half this value or 0.05 cm. We would then write the
measurement in standard formas: (34.23 + 0.05)cm

Instead of using plus or minus half the least count as the rule of thumb, some people prefer to
use plus or minus one tenth the least count. Y ou should check with your instructor for the detalls,
however one thing should be kept in mind; whether you use one half or one tenth or something else,
your choice reflects your own thinking about how accurate you can interpolate the increments you are
reading. Y our choice of one half or one tenth the least count as the absolute uncertainty may vary from
one instrument to the next. If the least count increments are closely spaced as with a meter stick, you
may think plus or minus half the least count is appropriate, but if you are reading an analog voltmeter
with a wide spacing between each increment, plus or minus one tenth the least count may be

appropriate.

Note the "decimal agreement” between the measurement and its absolute uncertainty; they are
both rounded to the same decimal place. This requires the technique of “interpolation” or reading
between the increments of a scale to push the precision of the instrument to its limits. Interpolationis a
standard technique used when reading analog scales and is a skill honed by practice.

5.4 The Absolute Uncertainty for a Digital Readout

For adigital readout, the absolute uncertainty is equal to the least count (not one half the least
count) or more specifically, the absolute uncertainty is equal to the unit of the last place of the readout.
For exanple, if a digital balance displays 73.255 grams for the mass of an object, thend,m= 0.001
grams. So the measured mass of the body would be:

(73.255 + 0.001) grans

You cannot interpolate a digital display.
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6. TECHNIQUES OF COMPARING TWO VALUES TO ONE ANOTHER

The discrepancy test or the percent uncertainty test is a common method of comparing two
numbers to see how close they are to one another.

To see the usefulness of this method imagine you warnt to compare the age of two people, 12
and 14. Y ou could say they are two years apart and that is correct, but you could also say that two
people aged 65 and 67 are also two years apart. Somehow being two years apart in age is a greater
difference when you are 12 or 14 than when you are 65 or 67. This greater difference in a two year
separation of age for younger people than older people is clearly understood when you apply a
discrepancy test to each pair of ages.

Say two numbers that should be the same are to be compared: x and y. To compare them with
adiscrepancy test, subtract the two numbers and divide by one of them.

(X - y)
y

Which one of them you divide by is a meatter of opinion. If you are comparing an experimental
value to a known or theoretical value, then divide by the theoretical value. If you are comparing two
values neither of which are known to be "correct” often you divide by the average value of the two
numbers.

Although it yields no new numerical informetion, many people prefer to express the fractionas a
percentage. To express a fraction as a percent value, multiply the fraction by the number ONE inthe
form of 100 over 100, or 100 per 100, or at last 100 per cent (cent meaning one hundred).

Do not confuse the discrepancy test with the discrepancy between two numbers. The
discrepancy between two numbers refers to their subtracted difference with no division. As an exanple,
say your measured value is 35.2 cmand the expected value is 37.5 cn; the discrepancy between them
is375-352=23cm

See that a discrepancy test between the ages discussed above is 15% for the 12 and 14 year
olds [{(14-12)/13} -100% (why divide by 137?)] and 3% for a 65 and 67 age gap. So as you get older
the fractional difference in your age and a friend's age decreases in value.

The guestion arises whether you should take the absolute value of the subtraction in the
numerator or instead, sometimes have a negative value for the result. Opinions vary, but most often do
not take the absolute value since the negative value does convey informetion about which number is
larger, x or y. Taking the absolute value of the result dispenses with that informetion with nothing else
gained as compensation.
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The discrepancy test does not consider the absolute uncertainty of either value. Also, see that
the discrepancy test value is always unitless. Usually you will round your discrepancy test value to one
or perhaps two significant figures.

Another technique of comparing two numbers to one another is that of relating the discrepancy
between the two numbers to how their most probable ranges overlap. As an example, say two
measured quartities that in principle are the same, are stated in standard form as follows:

245+ 0.3and 21.3+ 0.5.

The experimenter's question is, "Are these two values in agreement or not?"

First, see that the discrepancy between the two values is: 24.5 - 21.3 = 3.2. Secondly,
considering the spread of the most probable range of each value (24.2 - 24.8 and 20.8 - 21.8), itis
clear that the discrepancy is far greater than the most probable ranges would allow to declare that the
values are in agreement. Thus, by this method we conclude the two values are not in agreemert.

In another case, say only one of two numbers is presented with an absolute uncertainty, and the
other number is stated without an uncertainty, then the numbers would agree if the number without an
uncertainty lies within, or is at least close to, the most probable range of the number presented with an
absolute uncertainty.

Example: Say we have two numbers: 34.56 + 0.08 and 34.61. The MPR for the first number
IS (34.48 - 34.64). Since the second number, 34.61, is within the MPR of the first, we conclude these
two numbers are equal within the experimental uncertainty given. This subject will be discussed againin
section 9.
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7. UNCERTAINTY PROPAGATION

Many experimental values are not just read from an instrument but are the resuts of calculations
involving measurements taken from instruments. 1n the case of a calculated result, its absolute
uncertainty is determined using the method of uncertainty propagation. Absolute uncertainty has aready
been discussed, however to understand how uncertainties propagate in calculations, we must first
introduce some new terms.

7.1 The Two Basic Types of Uncertainties

1. Absolute uncertainty. Let the absolute uncertainty in a quantity x, be represented by the symbol
0.X. The absolute uncertainty has the same units as the quantity it is associated with. The absolute
uncertainty, 6.x, and the quartity x are traditionally written in the "standard" form:

x £ §.x. Consequertly, the absolute uncertainty allows the determination of a most probable range
{i.e, (x- 8% to (x + 6,X)} wherein the measurement x "most probably” lies. All this was previously
discussed in section 5.

2. Relative uncertainty. The relative uncertainty in a quartity x, is represented by the symbol 6,x. The
relative uncertainty is calculated from its definition:

O.X = (0 X)/X.
See that the relative uncertainty is always dimensionless.

Although the relative uncertainty changes as the quantity x changes, the absolute uncertainty is
typically a constant. As an example, say the measured quartity X has a value of
2.3+ 0.1. Then the absolute uncertainty is 0.1, but the relative uncertainty is 0.1/2.3 = 0.04. If the
measured value X now changesto 5.5 + 0.1, then the absolute uncertainty is still 0.1 but the relative
uncertainty has a different value, 0.1/5.5 = 0.02.

7.2 The Sources of Uncertainties in M easurements

1. Random uncertainties: After all known sources of error have been considered, it is still impossible
to duplicate readings exactly. When observations are repeated, the readings will fluctuate dightly about
some mean or average value. Note that random uncertainties refer to the fluctuations in measurements
thet are equally probable in being too large or too small.

Precision: If an experiment has small random uncertainties, it is said to have high precision.
Numerically, the precision of a measurement is equal to the relative uncertainty of the
measurement (or as is it sometimes called the " fractional uncertainty").
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That is: precision = 0,X.

2. Systematic uncertainties: Any metallic measuring instrument such as calipers or a metal tape will
give readings which are either too large or too small if used at a temperature other than the calibration
temperature. An instrument which is not properly set to zero before making readings will give readings
which are wrong. These are examples of systermetic errors and usually can be eliminated or reduced to
aminimum in most laboratory procedures. Note that for systematic uncertainties, the variations in the
measurements are either always too big or are aways too small.

We can now define accuracy.

Accuracy: If an experiment has small systematic errors, it is said to have high accuracy.

3. Instrument uncertainties: Any measuring instrument may have inherent errors as a resuit of
manufacturing. Most of the apparatus used in the laboratory will have sufficient accuracy thet these
errors can be corrected or will be marked by the manufacturer so that appropriate corrections can be
made. As an example the manufacturer of a measuring instrument might state the systematic error
associated with the instrument as 3% of the scale reading; consult the instrument's manual for this
information and treat it as a systermetic uncertainty.

4. Human errors: These are errors introduced by the experimenter. Not correctly estimating the
reading on a caliper, forgetting to level an apparatus, or failure to consider paralax (see below) in
reading a meter are al possibilities in virtually any experiment. Errors introduced by personal biasin
trying to make the readings fit some preconceived idea of the result can also occur. All human errors
and their effects can be reduced to a minimum by careful, proper laboratory technique.

5. Parallax error: Mentioned just above, this type of error (traditionally called an error although really
an uncertainty) can be random or systermetic depending on the situation. Parallax refers to the variation
in the reading of a measurement as the experimenter moves her head side to side or up and down. This
uncertainty occurs more severely as the scale of the measuring instrument moves farther away fromthe
object being measured. Getting the instrument as close as possible to the object being measured will
reduce parallax error.

M ore on accuracy and precision:

A measurement could be quite precise but completely inaccurate. For an example, say a meter
stick was used to measure the length of a body as being L.« = 23.45 cm (the 0.05 being interpolated).
Although the absolute uncertainty in the stick is equal to one half the least count of the stick (i.e., 0L =
0.05 cm, where the least count of the meter stick is one millimeter), by other methods the "true" value of
the length of the body might be L. = 22.50 cmw. We would say the measurement had a precision of:
O,L/L e = 0.05 cm/ 23.45 cm = 0.002 or 0.2%. Although the level of precision small, generally
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considered to be good, the measurement is inaccurate because the true value (22.50 cm) is quite
different from 23.45 cn; a systemetic uncertainty must be present. The most probable range of the
measured value {(23.45 - 0.05)cmto (23.45 + 0.05)cm or (23.40 to 23.50)cm} does not contain the
true value. This measurement is precise but not accurate.

The source of a systermetic uncertainty may be a worn edge on a meter stick (so it iswise to
never use the end of a measuring device) or may be due to thermal expansion or contraction. Inthe
above exarmple would the stick be too long or too short? Whatever the case, systematic uncertainties
can be minimized by ensuring the measuring devices are properly calibrated before using them.

If we can assume the fluctuations in a repeated measurement, which in principle should always
yield the same number, is due to random uncertainties only, then the "standard deviation” is a measure
of the "spread" of the data about the mean value. If the standard deviation is large, then the precision of
the measurement is poor; if the standard deviation is small then the precision is high. We say the
measurement is accurate if the most probable range, { Recall that MPR =
(Xoest = Ormean) 10 (Xoest + Omean)} CONtAINS the true value.

7.3 Finding the Total Uncertainty in a M easurement \When Both Systemetic and
Random Uncertainties Exist

The total uncertainty in a measurement is equal to the systemetic and random uncertainties
added in "quadrature” (see the next section for more on quadrature). Thet is:

6totai = [ (5random)2 + (6systematic)2 ]1/2

The question becomes one of finding the systematic uncertainty in the instruments used in the
experiment. Every measuring apparatus has some amount of systematic uncertainty. But unlike random
uncertainties, systematic uncertainties cannot be reduced by repeating a measurement N times. There
are many clever techniques to minimize the systemetic uncertainties inherent in instruments and
apparatus. For example when using an air track, it is a common technique to "run” the experiment in
two opposite directions hoping the systemetic error from the track will then cancel.

A common method of expressing the systemetic uncertainty associated with a measuring
instrument is to give the uncertainty in a percent form. For example, a pan balance may be rated with a
systemetic uncertainty of 1% and a stopwatch with 2%. In this case the total systematic uncertainty
would be found by adding the two uncertainties in quadrature (although the justification for this is not
strong). Consult with the instructor to see how much you should consider the systermétic uncertainty in
the apparatus of a particular experimert.
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7.4 Finding the Uncertainty in Calculations From M easurements

When quantities are determined by combining several measurements, as in adding two
measurements to find a third value or calculating average speed by dividing displacement with a time
interval, there are rules to determine how many significant figures should be retained in the calculated
result.

Finding the absolute uncertainty in an addition or subtraction:

When adding or subtracting several measured quartities, Q,, Q,, and Q,, each with absolute
uncertainties 6,Q,, 6.Q,, and 0,Q;, the absolute uncertainty in the final result, 6,Q, is given by:

2 2 3
540 = \/ 820, T 820, T 5,0,

Notice thet there is a "Pythagorean” suminvolved in the definition. Thisis called "addition by
guadrature” and is the correct method if it can be assumed that the uncertainties are independent of one
another. Sometimes for simplicity, an algebraic sumis used instead, but this yields an unnecessarily
larger final value.

Example: Say the width of a table top is measured by placing a meter stick on the table (do not use the
end of the stick). To compute the width and its absolute uncertainty you must read the value of one end
of the table on the stick, |, and the value of the other end of the table on the stick, |. The width of the
table top is computed by subtracting I, from .. And the uncertainty is computed by adding in quadrature
the absolute uncertainty of each measurement. Note that even though a subtraction is involved, the
uncertainties are always added. Let | + 5, = (85.38 £ 0.05) cmand let |, + 6, = (23.46 + 0.05) cm.
Then lig = 85.38 - 23.46 = 61.92 cm, and 8w = (0.05? + 0.05%)* = 0.07071 = 0.07 cm. See that
the absolute uncertainty is aways rounded to one significant figure. So the final value for the width of
the table is. (61.92 + 0.07)cm. Notice the absolute uncertainty in the calculated result (0.07 cm) is
larger than the uncertainty in the measurements (0.05 cm). This is what is meant by uncertainty
propagation; the uncertainty usually propagates (i.e., increases) when we perform calculations.

Finding the absolute uncertainty when multiplying or dividing:
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When multiplying or dividing several quantities each with their own relative uncertainties 6,Q,,
0,Q,, and 8,Q; the relative uncertainty, 6,Q, inthe result is given by:

_ 2 2 2
0g0 = \/ S0y t 5p0, T B0,

Example: Say the width of a table top has been measured to be (61.92 + 0.07) cmand the length has
been measured to be (235.23 + 0.07) cm. Find the area of the table top with its absolute uncertainty.

This involves muitiplication, so to find the absolute uncertainty in the area, we must first add the
relative uncertainties by quadrature, then multiply this result by the calculated area. 'Y ou should
complete the algebra to prove:

_ 2 2
5 A=a8% +8%w

So inthis example, 6,A =
(61.92)(235.23)[0.000296% + 0.00113%]* = 17.01426 cn¥ = 20 cn?’.

Remember, the absolute uncertainty is rounded to one significant figure. Since the arealis equal
to 14565.4416 cn?, we then round the area's value to match the place of the absolute uncertainty. The
absolute uncertainty is rounded to the “tens’ place so the area must be rounded to the tens place as
well. The final result is:

(14,570 + 20) cn? (how many sig figs are in the main value?)

The place to where the absolute uncertainty is rounded determines the place to where the
calculated value is rounded.

In the numerical answer above, 14,570 has four significant figures. The precision of the value is
20/14,570 = 0.14% which is small. Having a small precision, we would expect the random uncertainty
in the measurement to be small also.

In order to determine the number of significant figures in your final calculation, you use the place
to where your absolute uncertainty is rounded. The absolute uncertainty determines the significant
figures in your final value and the absolute uncertainty is always rounded to one significant figure.
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Finding the absolute uncertainty for quantities raised to a power:

When a quartity is raised to a power, the absolute uncertainty in the final value is obtained by
mutiplying the final value with the relative uncertainty in the quantity times that power to which the
guantity is raised.

For example if a measurement has the value:

L = (34.5 £ 0.2) cmand we wish to find the absolute uncertainty in L*, then:

O L7 =Yal (5, L/L)=~(5.8738 cnt*)(0.2/34.5)=0.01703 cnt*=0.02 cm*
So the final value in standard formis: (5.87 + 0.02)cnt*



7.5 The General Formula for Determining the Absolute Uncertainty ina Function of Severa
Variables

Every calculation involves a formula. The formula can be thought of as a function where the
calculated result is a function of perhaps several variables. As an exanmple, in calculating an average
speed, we know v = Ax/At. We would say the speed is a function of the two variables, Ax and At.
There is a genera method for finding the absolute uncertainty in a calculated result if we know the
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function used to get the resuit. The following informeation requires a familiarity with partial differentiation.

Consuit your instructor to see how much it will be emphasized.

0 0
5,4 = \J (g‘i 5,52+ ...t (a_g 5,2) 2

The absolute uncertainty 8, when qis afunction of
severd variables x,..., z each of which has an uncertainty of §,x....,0,z.

As an example, say a quartity y describes how far an object freely falls. This quantity thenisa
function of three variables: v;, g, t, where these variables physically represent the initial velocity in the
downward direction, the free fall acceleration, and the time of flight of the body. From kinematics. y =
vit + g2, Soy = y(v, t, g). Note thet all quantities are directed downward.

In standard form let:
V,=(24+0.2) m's
g =(9.80+ 0.01) m's’
t =(3.45+0.05 s

Question 1: Find y + 6,y analytically (i.e., algebraically) and then numerically.

Question 2: Of the three given quartities, v;, g, and t, which has the most important effect ony's
uncertainty and which has the least effect ony's uncertainty?

Also, calculate 6,y using all three uncertainty terms (this is to be done in question 1 anyway);
then calcuate 6,y with only the largest of the three uncertainties. Compare the two values.
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The solutions are presented on the next two pages. See if you can get the answers before
looking at them



Solution to question 1:

First find the partial derivatives, then substitute into the general formula.

8_{ = (v_‘i + gt)
a_-y = Etz
og 2
Q = t
ov,
s0.

" \J [(vy + gD 8017 + (%tz%mz T (E8,v,) 2

Note that in this case the general formula has three uncertainty terms within the square root: d,t, 6,0,
and 0,V,.

Now substitute the nurmbers.
({[2.4+9.8(3.45)]0.05} >+{(0.5)(3.45)%(0.01} >+{(3.45)(0.2)} )* =

1.938 = 2 meters.

and we have,

y(t=3.45) = (2.4 m/s)(3.45 s) + (¥%(9.80 m's?)(3.45 5)* =
66.602 meters.

y+ 0,y = (67 £ 2) meters
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Solution to question 2:

The precision of v, is 0.2/2.4 = 8%, the precision of g is 0.01/9.80 = 0.1%, and the precision
of tis0.05/3.45 = 1%.

Considering that the precision of v, is the greatest by a wide margin, one would guess that the
effects due to its uncertainty probably dominate the others of g and t. To corfirm this, substitute for the
guadrature terms in the general formula.

For the 8.t term: {[2.4+9.8(3.45)]0.05} 2= 3.28 = 3
For the 6, term {(0.5)(3.45)? (0.01} 2 = 0.00354 = 0.004
For the §,,v; term: {(3.45)(0.2)}* = 0.476 = 0.5

Inthis case, clearly the uncertainty in the time t, not the initial velocity as was first suspected,
has the most significant effect on the calculation of the absolute uncertainty iny. Inthis case, the
squared value of time in the defining equation (y = vit + %4gt?) increases the sensitivity of the final
uncertainty on time values.

By what factor must 8t be reduced so that the order of magnitude of its uncertainty termin the
gererd formula is the same as thet for the initial velocity term?

To compare the value of 6,y with and without the two least significant variables (g and v;), first
consider the absolute uncertainty in'y only dependent on the 6,5t term:

8,y = [2.4 + (9.80)(3.45)]0.05 = 1.81 = 2.

Recall that 6,y computed to one significant figure using all three terms in the general formulais
the same value as above, namely 2.

The point of this discussion is that uncertainties do not play equally weighted rolesin
determining a final calculated uncertainty. One uncertainty term may dominate the others in the general
formula. This being the case, the experimenter has little to gain in increasing the precision of the other
less significant terms until all the uncertainty terms under consideration are of the same order of
magnitude. Realizing this may save fruitless labor when seeking meaningfully to improve experimental
resuts.

Don't improve the precision of a measurement that, as a consequence, does not
significantly improve the precision of the final desired calculation. The precision of the largest



dominating term in the general formula must first be improved to match the precision of the
other terms.

27



28

8. THE GAUSSIAN DISTRIBUTION

The statistical analysis of the previous section assumed that all the uncertainties involved were
from the random variations associated with taking measurements. The primary methemetical tool used
in describing the properties associated with random uncertainties is called the Gaussian distribution or
simply a"Gaussian”. This is the same function as the "normal” distribution and the "bell curve'.

The purpose here is not to undergo an in-depth analysis, but to show how to employ this
function for practical use. The function is an exponential:
f(x) = _ 1 e
cy2m
where o is the standard deviation and X is the mean value.

From probability theory, the coefficient of the exponential is chosen such thet the "area" under
the Gaussian is equal to one. The function is then said to be "normalized".

A Gaussi an distribution showi ng the standard devi ati on and nean val ue.
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The standard deviation is one measure of how closely packed the data is about the mean value

In terms of measurement theory, this is equivalent to saying that a small standard deviation means the
uncertainty in the most probable value, X, is small. Whether the standard deviation, o, is small or large,

the normalized Gaussian till has an area under the curve equal to one.

large o

We are interested in using the Gaussian distribution to calculate the probability that some given
measurement will lie within a certain range about the mean value. This range is typically expressed in
terms of standard deviations. That is, we ask the question, "what is the probability of a measurement
being withinto of X?7' Wheret is any real number but often, for simplicity, is just an integer. For
example, if t = 1, then we are concerned with the probability thet a particular measurement lies within

one standard deviation of the mean.

If we make the subgtitution: (x - X) /o = z thenit can be shown that the probability P that
a measuremernt lies within to of the mean value is;

t
1 e~ T /247

P(within to)
V2I 2,

This function has the special name, the error function, and is denoted as erf(t). Asis typical,
for avaluet the probability P is looked up in a table since the integral cannot be evaluated analytically.

Thet table is found in appendix D. Again, it is not the purpose here to prove or derive these findings.
Consult the bibliography for more in-depth studies.
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Graphically, what we are doing is shown below:

-lo A +t
¥ g

The shaded area under the Gaussian represents the probability that a
measurenent lies with to of the mean value X This shaded area is al ways
| ess than one.

From the table found in appendix D, verify that the probability a measuremert lies within one (t
= 1) sandard deviation is 0.68 or 68%. The probability that a measurement lies within two standard
deviations (t = 2) is0.954 or 95.4% and for 3o, P = 99.7%. See that ast becomes large the
probability quite rapidly approaches one.

It is sometimes useful to know the probability a measurement lies outside the range of = to.

Then:
P(outsde to) = 1 - P(withinto).

This formis useful when discussing “confidence” as seen in the next section.
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9. CONFIDENCE

It is useful to state one's findings by associating a numerical "confidence” with them Typical
statements might be: "We are ninety-five percent confident of our result.” or "This result has a seventy
percent level of corfidence." The informetion from the last section provides a straightforward way of
interpreting one's results with a confidence estimate. This method is useful in the common experimental
situation of comparing a calculated resuit to an expected value where they should be the same. The
techniques in this section represent other ways of comparing two numbers that should be the same in
addition to the previoudly discussed procedures found in chapter 6.

If a calculated value is equal to its expected value, then their discrepancy would be zero. Of
course, with experiments rarely is this the case. In redlity, the calculated value will differ somewhat from
the expected value. When we take the difference between the calculated and expected value, that
discrepancy has its own uncertainty by the methods of uncertainty propagation discussed earlier. We
know intuitively, if the subtraction yields a small number (remember it should be zero), then our
agreement is good, and if the subtraction gives a large number, our result may not be enviable. We can
express the discrepancy interms of how many standard deviations are associated with it. For good
agreement, we warnt a large probability, reflecting the idea thet the calculated and expected results are
very probably the same. If the probability is a small number, this reflects the improbability of the two
numbers actually being the same.  So we use the probability outside a £to range about the mean.

We would use:

P(outside to) = 1 - P(within to)
By convertion, a probability of 5% or less is unacceptable.
As an exanmple, say the difference between a calculated and expected value is two standard

deviations. After looking in appendix D, we see that there is only a 4.46% chance the difference would
be this great (or greater). Rounding to 4%, this is less than 5% so the agreement is not reasonable.

Example: Consider an experiment where g was calculated with an uncertainty to be:

g=(9.82 + 0.04)mM'<.

The expected value of g is 9.81 m's®. Does this calculated value agree with the expected value or not?

Solution:
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Here we will consider the 0.04 to be the standard deviation. The discrepancy between the calculated
and the expected is: 9.82 - 9.81 = 0.01

The number of standard deviations associated with this discrepancy is. 0.01/0.04 = 0.25.

The discrepancy is 1/4 of a standard deviation. Using appendix D, witht = 0.25= 0.3, then

100 - 23.58 = 76.42. That is, there is a 76% chance that these two numbers agree. We would say in
this example we are 76% confident of the agreement between our calculated value and the expected or
known value. The calculated value is acceptable.

Example: A student wishes to check two results, each with its own uncertainty where, in principle, the
results should be equal. The two resuitsare: 33+ 2 and 39 + 3.

Do these two resuits agree?

Solution:

Assume the two uncertainties are standard deviations. We find the discrepancy to be 6 (39-33
=6). Sincethisis a subtraction, the standard deviation we will use is the addition in quadrature of 2
ad3(i.e, Y22 +3% = 3.5 = 4). We see the deviation between the two valuesis 6/4 = 1.5
standard deviations. After conferring with the appendix, we associate a 13% probability with this
discrepancy. Not great agreement, but larger than 5%, so we conclude the two numbers are equal with
a13% confidence level.

Inthis last example, using the methods introduced in chapter 6, we get a discrepancy test resuit
of 15% between the two values and we see that their two most probable ranges just barely do not
overlap. Both of these results are compatible with the marginal but acceptable confidence level of the

example.
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10. REJECTING DATA

There comes atime for every experimenter when, after examining a set of data, the questionis
asked, "Is this measurement correct?' It is difficult to know when rejecting data is appropriate.
Sometimes discoveries are made from data that is different than expected. Therefore, do not blithely
reject data because it does not meet an expectation; seriously consider what you are doing and seek
sound justification for doing it. This section presents a method for justifying the rejection of data, it is
called Chauvenet's criterion.

Say that a given set of measurements, all measuring a value that in principle should be the same,
yields a results as follows:

45, 4.7, 4.4, 4.8, 2.5 (in centimeters)

Here, the 2.5 measurement is suspicious. Hopefully the apparatus is il set up and the
measurement can be repeated severa times for confirmetion. But as well there is a statistical method for
determining whether a number appearing to be different from the others can be rejected.

From the numbers above, the mean and standard deviation are:

x=4.18 o =10.95

We see that the suspect measuremen is 1.8 standard deviations from the mear?. Fromthe
methods of a previous section and using appendix D, we would expect about seven measurements out
of one hundred to be away from the mean by this much (t = 1.8 and 100% - 93% = 7% = 7/100). But
only five measurements were actually taken, not one hundred. So how marny measurements out of five
would we expect to be off by 1.8 standard deviations? Using a sinple ratio we can find the answer.

T X
188 5
5 = (5°7)
128
x = 8.35
x=8.4

Out of five measurements we would expect 0.4 of them to be away from the mean by 1.8 standard
deviations. Now let's see what Chauvenet's criterion says.

2 To see this, divide the deviation by the standard deviation:
(4.18-2.5)/0.95 = 1.8.



Chauvenet's criterion states that if the expected number of measurements at least as
off as the suspect measurement, is less than 0.5, then the suspect measurement may be
considered for rejection. The choice of 0.5 is arbitrary but is used as a convention unless special
reasons dictate otherwise.

Applying Chauvenet's criterion to the above example, for only five measurements we would
expect 0.4 of themto be away from the mean by 1.8 standard deviations. Since 0.4 is less than the
Chauvenet value of 0.5, then the 2.5 cm measurement may be considered for rejection.

Another way of saying it is that given a set of data, you may expect to have several
measurements out of a set of data a certain distance from the mean, or you may expect to have only
one measurement a certain distance from the mean, but if you expect to have less than half a
measurement in your data a certain distance from the mean, then you may consider the measurement a
candidate for rejection.

If the number of measurements in the above example were fifteen instead of five, then with the
same mean and standard deviation values as above, the expected number of measurements off by 1.8
standard deviations would be 1 and the 2.5 cm measurement would not be considered anomalous, in
fact we would expect one of our measurements to be off by at least this much.

In a large data sample, if the measurements follow a Gaussian distribution then we expect some
amount of measurements to be away from the mean value by one or more standard deviations.

Another method of eliminating suspicious data is to discard all data thet is three (or some other
value) or more standard deviations away from the mean value. This method is particularly simple, but
bear in mind that for a large number of measurements some amount of data would be expected to
deviate from the mean by three or more standard deviations and then should not be discarded.
Example:

Given the following set of measurements assumed to follow a Gaussian distribution.

34,35,29,27,34,37,32,31,5.2, 2.8, 3.3, 3.1 (al in seconds)

Use Chauvenet's criterion to determine if the 5.2 measurement should be considered for rejection.
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Solution:

Firgt, find the mean and standard deviation for the given set of data.

x=3.36 c=8.55

Next, find the deviation of the suspected measurement and find how many standard deviations the
deviation is away from the mean value.

S0 the suspected measurement is 2.8 standard deviations away from the mean value. Using the
table in appendix D, the probability that a measurement will be withinto (here, to =
2.833- 0.65=1.84) fromthe meanis 99.49%. In using the table remember, here t = 2.8.

Intwo hundred measurements then, we would expect only one of themto be 2.8 standard
deviations or more from the mean value. Therefore in only twelve total measurements, we would expect
only 0.06 measurements that far from the mean value. The value 0.06 is far less than the 0.5 from
Chauvenet, so on this basis the measurement 5.2 may be considered for rejection.
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11. GRAPHING TECHNIQUES

Taking data in an experiment is one thing, making sense of the data is another. Graphing is a
standard way of visually interpreting numerical data and gaining insight into one's data.

11.1 The Basic Graph

Your graph should have a title describing whet it represents without having to refer to the lab
record. It should be scaled so that al the data points cover at least half the page. If the origin needs to
be included in your graph then you have to scale the axes to include it as well. Both the vertical and
horizontal axis of your graph should be clearly labelled and the increments of the axes should be legible.
Make sure the physical quantities on each axis are labelled with the appropriate units.

If the data points on your graph look like they form a line or you suspect from theory that your
data should be linear, then draw an "eye-balled" best-fit line through the data points using your ruler.
The best-fit line need not pass through any data points. In determining the slope of the line, use the data
points to draw the best-fit line, but do not use the data points to determine the slope. Use two
other points on your drawn line that are far apart from each other, even outside the data range. The
data points determine the line and the line determines the dope. Remenmber, the dope has the same
units as the "rise over the run’. Check with your instructor to see if calculations done on your graph
page are alowed.

"Linearizing" data:

If you know from your theoretical analysis that the relationship between an independent and
dependent variable is non-linear, thereby not resulting in a straight-line graph, it is possible to specially
scale one or both of the axes such that a straight line would result. For example, if in theory two
variables are related by a power of 2 such as:

y =k x?

Then graphing y versus x will yield a parabola but graphing y versus x 2 results in a straight line graph
with a slope of k.

11.2 Determining the Best Fit Line From Statistical M ethods

For arough graph, "eye-balling" a best fit straight line through the data may be good enough.
Y ou may require, however, a more precise knowledge of the dope and y-intercept. Y ou may also want
a quantitative way of determining how well your data fits a straight line. A statistical method exists for
determining these important parameters. The results are stated without proof.
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The so called "least squares’ fit to a straight line, or linear regression, presumes you have N
data pairs, (x, y;) that have alinear relationship, y = mx + b, where mis the dope of thelineand b is
the y-intercept. This being so, it can be shown statistically that the "best" dope, m, and the "best" y-
intercept, b are given by:

n n
n lzlxilzlyl
i= i=
Z X.7'.-3/‘:1'.
_4i=1 I1
m =
n
(2 x.)2
n ) i
o XZ _ i=1
i=1 I
n n
Y YH )
b = i=1 -m i=1
n n

The measure of how close your datais to a straight line is called the "coefficient of determination’”, r?,
where its value will lie between 0 and 1, with a value of 1 indicating a perfect fit. r* is given by:

2. QO x° 2. O p?
N [Zy “n

Many calculators have these functions built in and all that is required of the user is aninput of the data.
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As an exanple, say three pair of data points have been measured and it is suspected that a
linear relationship exists between them For ease of calculation only three data pairs are presented here,
but five is usually the minimum required.

X Y

2.2 10
5.6 29
125 55

Use the above formulas and your calculator to show that:
My = 4.3: b =2.36: r=0.99.
Sincer isso close to 1, this indicates the relationship is quite linear.
11.3 Finding the Uncertainty in the Slope and y-intercept

The experimenter is always concerned with uncertainties. Often the dope of aline or itsy
intercept will allow the immediate calculation of a desired experimental value. Finding the uncertainty in
the dope or the y-intercept therefore is desirable. The following procedure is not for the faint hearted as
it involves some tedious calculations, but with a hand calculator (especially a programmeable one) the
job is not too bad.

First, we will assume that the uncertainty in the y values of the data are large compared to the
uncertainties in the x values, so that we may ignore the uncertainty in the x values. This is not usually a
problem since the uncertainty in one of the two measurements, x or y is, infact, larger than the other.
Also, it is assumed the uncertainty in'y is a constant, not changing as'y changes.

So we define an uncertainty in the y value and call it o,

1
cs;= ﬁz (_y__i—b—mxi)2

Note that since we expect all the y values to different from one another (this is a suspected
linear relation between x and y), averaging the y values and then finding the standard deviation of the



mean to find the uncertainty in'y would be inappropriate since that method is only valid whenthe y
values are supposed to be the same.

So that no single equiation gets too big, we also define the special value A as follows:

A =N (£x2) - (£x,)?

We can now define the uncertainties in the dope m and the y intercept b.

22 2

2 _ SOyl %3

G, = — =
A

o = Noo /A

To continue the same example from above, lets now find the uncertainties in the slope and y intercept.

First, separately calculate the values of o, and A.
Y ou should verify them

o’,= 11

and

A =165

So the absolute uncertainty inthe 'y - intercept is:
8,= 358=4

And the absolute uncertainty inthe dope mis.

0,=0.447=05
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Notice the peculiar result that the uncertainty in the y-intercept is very large compared to the
value of the y-intercept itself (2.36 £ 4 - 2 £ 4 1), but that the uncertainty in the dope is reasonable
when compared to the dope's value (4.3 £ 0.5). This can be understood in noting that typically in linear
regression, the y-intercept is an extrapolated value, thet is, a value obtained that is beyond and outside
the data range itself. This introduces the sensitivity of the y-intercept to the angle of the dope. Thet is, a
dight change in the dope can introduce a large change in the y-intercept. Therefore we see that the
uncertainty in the y-intercept is large. For this reason, it is best to design the analysis of the data so that
the result is not obtained by the extrapolation to a y-intercept but from the value of the dope.

As well, note that this entire process, finding the best dope and y-intercept and their
uncertainties, could be done entirely without drawing a graph. Of course, a graph should still be drawn
because the visual informetion from a graph can give the experimenter insights into the data that no
other method can yield.

11.4 Including Error Bars on a Graph and How to Use Them

Graphs involving measured values typically include "error bars'. The error bars graphically
represent the absolute uncertainty of a measurement and allow a rough calculation of the uncertainty in
the dope that is simpler than the statistical method discussed earlier.

In the diagram below, the data point is plotted in the usual fashion; as shown, the absolute
uncertainty is drawn above the data point and then below the data point representing the "plus and
minus' aspect of the absolute uncertainty (i.e., measurement = value + absolute uncertainty).

1.2+0.1=1.3cm

1.2-0.1=1.1cm

T

An error bar graphically expresses the
absol ute uncertainty of the measurenent.
This neasurerment is (1.2 £ 0.1)cm




After al the data points with error bars are drawn, the "best fit" line is drawn as usual.
With error bars, the new feature is that two more lines can also be drawn that represent the maximum
possible Sope and the minimum possible dope as shown in the diagram to the right. This allows the
calculation of the absolute uncertainty in the dope. Admittedly, this is a subjective process; the more
analytical process was discussed earlier.

As an example of this technique, say the graph shown below has a measured slope of the best
fit line of 3.4 cn's (note that the Slope has the units of rise/run). If the maximum slope line has a
measured slope value of 3.9 cny's and the minimum slope line has a dope of 2.9 cn's, then the final
dope value may be written with an absolute uncertainty as (3.4 £ 0.5) cnv's. See that the minimum and
maximum slopes determine the "most probable range” of the dope's value.

|

best fit line

minimum slope line

-\

\ maximum slope line

Sec

The two dotted |ines show a maxi num and m ni mum
sl ope that can be used to construct the
uncertainty in the slope. The solid line is the
best fit line.

For another example of the uncertainties in the slope, say that from theory it is known that the
dope m of agraphis related to a quantity to be found Q by the equation: Q = 2.5 m. If the dope is
known with an absolute uncertainty as m = 23.5 £ 0.8 then Q with an absolute uncertainty would be
equal to
59+ 2.
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Solution:

Q=(2.5)(23.5) =58.75 : the uncertainty in Q is (2.5)(0.8) = 2.0 or just 2 to one
significant figure (where 2 is rounded to the units place), so 58.75 is also rounded to the units place.
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12. COMPUTER USAGE

The computer is an invaluable tool found in all modern labs. The use of the computer includes
automated data gathering and data analysis on a statistical and graphical basis.

At De Anza, using the computer for data acquisition is not as yet employed. In the professional
lab, computerized data acquisition is common, but for the beginning lab studert, it is a better learning
experience to measure data without a computer first, and then learn to use a computer to do the job
later. Computers can be used to analyze data in a "spreadsheet context” and to draw graphs.

As studerts, it isimportant that the computer not be used as a "crutch” but as a tool to enhance
your analysis. Using the computer as a crutch means drawing a graph with the computer when you
coudn't draw the graph yourself or doing calculations with a computer that you don't understand or
coudn't perform yourself. Use the following rule: if you can do it yourself, it's okay to use the
computer; if you can't do it yourself then learn how firt, then you can use the compuiter.

Two Mackintosh computers are available from the physics storeroom. "Cricket Graph' is an
excellent program for drawing graphs. See your instructor for the details on its use.

The use of programmable calculators in the lab is encouraged. Many tedious, repetitive lab
calculations can be made less so with these mini-computers.



APPENDIX A

A guide to the physics 4 lab sequence.

Lab equipment used Uncertainty Other

4A meter sticks analog scales and digital lab book technique
vernier calipers scales graphing
counter timers uncertainties and statistics writing abstracts
air tracks linear regression formal reports
pan balance
digital balance

4B VOM, DMM, systermatic uncertainties in introduction to
power supplies electronic equipment unguided research
function generator
oscilloscope linear regression
circuits

4C microwave generators uncertainty propagation from unguided research
optics partial differentiation and exploration.
sonometers

group reports
4D I nterferometers all of the above

E/M measurements




APPENDIX B
An optional evaluation form.

This formis an example of what your instructor may use to evaluate your lab book. If used, you will
find a copy of this formin the lab exercise book for your specific lab.

Physi cs Lab Record Eval uati on
Nanme Cour se Section__
Lab Recording Skills 1 2 3 |4 |5 6
1. Establish Experinmental
Obj ective Devise Tentative
Pl an
2. Draw Detail ed Di agrans and
Di scuss Theory
Col I ect and Organi ze Data
Thor oughly Anal yze Dat a
Sanpl e Cal cul ati ons
5. Make Good Graphs with Title
Label Axes, Proper Scales &
Size
6. Discuss Results
Error Anal ysis
7. Conpare Results with Theory
Draw Val i d Concl usi ons
8. Conpose a Readabl e,
Sequenti al, Detail ed,
Di rect-Recorded Record
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APPENDIX C
A guide to equipment care and lab cart handling

Part of lab training involves learning how to treat equipment with respect and how to use it
properly. What follows is a list of the minimum thet is expected from the student in handling lab
equipmen.

The golden rule for returning equipment to storage carts:

The neatness and order of equipment returned to the cart is at least as good as
it was found at the beginning of your lab.

The storage of equipment on the lab carts:

1. Cables are color and length sorted and hanging from the side of the cart.

2. All électrical cords are neatly coiled and placed in the correct storage box if kept separately  from
the equipment it drives.

3. Weight sets are correctly ordered.

4. Equipment is not stacked on top of other equipment unless absolutely necessary.

5. All equipment of a similar type is kept in the same place on the cart if possible.

6. Alligator clips or any accessory clips are removed from banana plugs and stored in their own box on
the lab cart.

All non-working equipment should be tagged and returned to the instructor, not to the cart.
I nstructor's responsibilities:

1. The tech receives a conplete written equipmert list at least one week in advance of the first lab day.
2. See that students carry out their responsibilities.

3. Equipment taken from shelves is delivered to a "dumb” site to be re-shelved by the tech or student-
aides and is not put back on the shelves in the wrong place.

4. All mal-functioning equipment tagged by the students is delivered to the physics tech.



APPENDIX D

The percentage probability, P, that a measurement x will lie withint standard deviations, o, on
either side of the mean value, X.

P(withints) = — e /27 {where z = (x-X)/o0}

t P || t P(%)
0.0 000 || 1.7 | 91.09

0.1 797 || 1.8 92.81

0.2 1585 || 1.9 94.26

0.3 2358 || 20 95.45

04 31.08 | 21 96.43

0.5 3829 | 2.2 97.22

0.6 4515 || 2.3 97.86

0.7 5161 || 24 98.36

0.8 57.63 || 2.5 98.76

0.9 63.19 || 2.6 99.07

1.0 68.27 || 2.7 99.31

11 72.87 || 2.8 99.49

1.2 76.99 || 2.9 99.63

1.3 80.64 || 3.0 99.73

14 83.85 || 3.5 99.95

1.5 86.64 || 4.0 99.994

1.6 89.04 || 5.0 | 99.99994
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Random uncertainties, 17, 19, 25
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